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Abstract
Pervasive pre-Riesz spaces are defined by means of vector lattice covers. To
avoid the computation of a vector lattice cover, we give two distinct intrinsic
characterizations of pervasive pre-Riesz spaces. We introduce weakly perva-
sive pre-Riesz spaces and observe that this property can be easily checked in
examples. We relate weakly pervasive pre-Riesz spaces to pre-Riesz spaces
with the Riesz decomposition property.
Keywords: Pre-Riesz space, pervasive, Riesz decomposition property
Mathematics Subject Classification (2010): 46A40, 06F20
1 Introduction
In the analysis of ordered vector spaces which are not vector lattices there are certain
additional properties, such as pervasiveness, fordability and the Riesz decomposition
property, which allow to generalize well-known results from the vector lattice theory.
In the present paper we characterize and relate some of these properties in pre-Riesz
spaces.
An ordered vector space X is called pre-Riesz if there is a vector lattice Y and a
bipositive linear map i : X → Y such that i(X) is order dense in Y . The pair (Y, i)
is then called a vector lattice cover of X. The theory of pre-Riesz spaces and their
vector lattice covers is due to van Haandel, see [13]. Pre-Riesz spaces cover a wide
range of examples, in particular every Archimedean directed ordered vector space is
a pre-Riesz space.
We mainly deal with pervasive pre-Riesz spaces, i.e. spaces X such that for every
y ∈ Y with y > 0 there is x ∈ X with 0 < i(x) 6 y. Pervasive pre-Riesz spaces
were introduced in [7]. To illustrate their importance, we list some results from the
literature where pervasive pre-Riesz spaces play an essential role. In [7, Theorem 2.6]
pervasiveness is a crucial assumption to show that the restriction of a band in Y
to X is a band in X. Moreover, it is established that the space Lr(`
∞
0 ) of regular
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operators on the space `∞0 of eventually constant sequences is a pervasive pre-Riesz
space. This yields that the space Loc(`
∞
0 ) of order continuous operators is a band
in Lr(`
∞
0 ). This statement is a first instance of an Ogasawara type result where
the range space is not Dedekind complete. In [4, Example 22] the authors prove
that Loc(`
∞
0 ) is pervasive. In [11, Theorem 14] it is shown that in a pervasive pre-
Riesz space with the Riesz decomposition property every directed order closed ideal
with a directed double disjoint complement is a band. In [5, Theorem 27] it is
established that for a directed ideal I in X a vector lattice cover of I is given by the
smallest extension ideal of I in Y , provided X is pervasive. In [14, Theorem 5.3]
the author obtains that the inverse of a bijective Riesz* homomorphism between
pre-Riesz spaces is again a Riesz* homomorphism, provided the pre-image space is
pervasive. In [14, Theorem 7.2] spaces of differentiable functions which are defined
on sufficiently smooth manifolds and vanish at infinity are shown to be pervasive
pre-Riesz spaces.
So far, the definition of pervasiveness is given using a vector lattice cover. In exam-
ples it might be difficult to find a convenient representation of a vector lattice cover
of a given pre-Riesz space. Therefore in Section 3 we give two intrinsic character-
izations of pervasiveness, which do not use vector lattice covers. In Section 4 we
introduce weakly pervasive pre-Riesz spaces and give a characterization, such that
this property can be easily checked in examples. We relate pervasive and weakly
pervasive pre-Riesz spaces to pre-Riesz spaces with the Riesz decomposition prop-
erty. The following diagram illustrates the results and counterexamples obtained in
Section 4.
vector lattice
pervasive
RDP
weakly pervasive
Since we characterize the weak pervasiveness intrinsically (i.e. without using vector
lattice covers), our results provide a convenient method to show that a given pre-
Riesz space is not pervasive. This is used to answer the open question whether the
space in [12] is pervasive, see Example 14 below.
2 Preliminaries
Let X be a real vector space and let X+ be a cone in X, that is, X+ is a wedge
(x, y ∈ X+ and λ, µ > 0 imply λx + µy ∈ X+) and X+ ∩ (−X+) = {0}. In X a
partial order is defined by x 6 y whenever y − x ∈ X+. The space (X,X+) (or,
loosely X) is then called a (partially) ordered vector space.
An ordered vector space X is called Archimedean if for every x, y ∈ X with nx 6 y
for every n ∈ N one has x 6 0. Clearly, every subspace of an Archimedean ordered
vector space is Archimedean. The ordered vector space X is called directed if for
every x, y ∈ X there is z ∈ X such that x, y 6 z. The space X is directed if and only
if X+ is generating in X, that is, X = X+ − X+. An ordered vector space X has
the Riesz decomposition property (RDP) if for every x1, x2, z ∈ X+ with z 6 x1 +x2
there exist z1, z2 ∈ X+ such that z = z1 + z2 with z1 6 x1 and z2 6 x2. The space
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X has the RDP if and only if for every x1, x2, x3, x4 ∈ X with x1, x2 6 x3, x4 there
exists z ∈ X such that x1, x2 6 z 6 x3, x4. For standard notations in the case that
X is a vector lattice see [1].
For two elements a, b ∈ X of an ordered vector space X we use the notation ]a, b] :=
{x ∈ X | a < x 6 b}. For a set A ⊆ X we set A + x := {a+ x | a ∈ A}. Moreover,
we write A 6 x if and only if for every a ∈ A we have a 6 x. By [10, Theorem 13.1]
for a set A ⊆ X such that supA exists in X and an element x ∈ X we have that
the supremum sup(x+ A) exists in X and
x+ supA = sup(x+ A). (1)
Clearly, we can replace the supremum by the infimum.
We call a linear subspace D of an ordered vector space X order dense in X if for
every x ∈ X we have
x = inf {z ∈ D | x 6 z} ,
see [3, p. 360]. A linear subspace D of X is majorizing in X if for every x ∈ X there
exists d ∈ D with x 6 d. For a subset M ⊆ X denote the set of all upper bounds
of M by Mu := {x ∈ X | ∀m ∈M : m 6 x}. Two elements x, y ∈ X are called
disjoint, in symbols x ⊥ y, if {x+ y,−x− y}u = {x− y,−x+ y}u, for motivation
and details see [6]. For a subset M ⊆ X define Md := {x ∈ X | ∀m ∈M : m ⊥ x}.
If X is a vector lattice, then this notion of disjointness coincides with the usual
one, see [1, Theorem 1.4(4)]. Let Y be an ordered vector space, X an order dense
subspace of Y , and x, y ∈ X. Then the disjointness notions in X and Y coincide,
i.e. x ⊥ y in X holds if and only if x ⊥ y in Y , see [6, Proposition 2.1(ii)].
We say that a linear subspace D of a vector lattice X generates X as a vector lattice
if for every x ∈ X there exist finite sets A,B ⊆ D such that x = ∨A−∨B. Recall
that a linear map i : X → Y , where X and Y are ordered vector spaces, is called
bipositive if for every x ∈ X one has i(x) > 0 if and only if x > 0. An embedding is a
bipositive linear map, which implies injectivity. For an ordered vector space X, the
following statements are equivalent, see [13, Corollaries 4.9-4.11 and Theorems 3.7,
4.13]:
(i) There exist a vector lattice Y and an embedding i : X → Y such that i(X) is
order dense in Y .
(ii) There exist a vector lattice Y˜ and an embedding i : X → Y˜ such that i(X) is
order dense in Y˜ and generates Y˜ as a vector lattice.
If X satisfies (i), then X is called a pre-Riesz space, and (Y, i) is called a vector
lattice cover of X. For an intrinsic definition of pre-Riesz spaces see [13]. If X is a
subspace of Y and i is the inclusion map, we write briefly Y for (Y, i). As all spaces
Y˜ in (ii) are Riesz isomorphic, we call the pair (Y˜ , i) the Riesz completion of X
and denote it by X%. The space X% is the smallest vector lattice cover of X in the
sense that every vector lattice cover Y of X contains a Riesz subspace that is Riesz
isomorphic to X%. By definition, for every y ∈ X% there are finite sets A,B ⊆ X
such that
y =
∨
i(A)−
∨
i(B). (2)
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Lemma 1. Let X be a pre-Riesz space and X% its Riesz completion. Let y ∈ X%.
Then in (2) the sets A and B can be chosen to be contained in X+.
Proof. Let y ∈ X% have a representation as in (2), i.e. y = ∨ i(A˜) − ∨ i(B˜) with
A˜, B˜ ⊆ X. Since the pre-Riesz space X is directed there exists x ∈ X with 0 6 x,
A˜ 6 x and B˜ 6 x. Then
y =
∨
i(A˜)−
∨
i(B˜) =
(
i(x)−
∨
i(B˜)
)
−
(
i(x)−
∨
i(A˜)
)
=
=
∨
i(x− B˜)−
∨
i(x− A˜),
where the last equality follows by (1). Clearly, for A := x− B˜ and B := x− A˜ we
have A,B ⊆ X+. 
By [13, Theorem 17.1] every Archimedean directed ordered vector space is a pre-
Riesz space. Moreover, every pre-Riesz space is directed. If X is an Archimedean
directed ordered vector space, then every vector lattice cover of X is Archimedean.
Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. The space X
is called pervasive in Y if for every y ∈ Y+, y 6= 0, there exists x ∈ X such that
0 < i(x) 6 y. By [9, Proposition 2.8.8] the space X is pervasive in Y if and only if
X is pervasive in any vector lattice cover. Then X is simply called pervasive. The
space X is called fordable in Y if for every y ∈ Y there exists a set S ⊆ X such
that {y}d = i(S)d in Y . By [9, Proposition 4.1.18] the space X is fordable in Y if
and only if X is fordable in any vector lattice cover of X. Then X is simply called
fordable. By [7, Lemma 2.4] every pervasive pre-Riesz space is fordable.
3 Intrinsic characterizations of pervasiveness
In a pre-Riesz space, the definition of pervasiveness depends on the Riesz completion
or a vector lattice cover. An intrinsic definition allows to check whether a space is
pervasive without having to compute a vector lattice cover. In Theorems 5 and 7
we give two distinct intrinsic characterizations. We start with a recollection of two
(non-intrinsic) characterizations of pervasiveness, which we include for the sake of
completeness. For the following result from [15, Theorem 4.15, Corollary 4.16] a
short proof can also be found in [11, Lemma 1].
Proposition 2. Let X be an Archimedean pre-Riesz space and (Y, i) a vector lattice
cover of X. Then the following statements are equivalent.
(i) X is pervasive.
(ii) ∀a ∈ X ∀y ∈ Y (i(a) < y ⇒ ∃x ∈ X : i(a) < i(x) 6 y).
(iii) For every y ∈ Y+ with y 6= 0 we have y = sup (i(X) ∩ ]0, y]).
(iv) For every y ∈ Y and z ∈ X with i(z) < y we have y = sup (i(X) ∩ ]i(z), y]).
The following result was established in [5, Theorem 26].
4
Proposition 3. Let X be an Archimedean pre-Riesz space, Y a vector lattice and
i : X → Y a bipositive linear map. Then the following statements are equivalent.
(i) i(X) is order dense in Y and X is pervasive.
(ii) i(X) is majorizing in Y , and for every y ∈ Y+ there is A ⊆ i(X)+ such that
y = supA.
For our first intrinsic characterization of pervasiveness we begin with the following
technical statement.
Lemma 4. Let X be a pre-Riesz space and y ∈ X%. Then
(i) y > 0 if and only if for every two finite sets A,B ⊆ X+ with y =
∨
i(A) −∨
i(B) we have Au ⊆ Bu.
(ii) y > 0 if and only if for every two finite sets A,B ⊆ X+ with y =
∨
i(A) −∨
i(B) we have Au ( Bu.
Proof. (i): Let y ∈ X% with y > 0 and let A,B ⊆ X+ be finite sets such that
y =
∨
i(A) −∨ i(B). The existence of such sets is guaranteed by Lemma 1. Then
we have
∨
i(B) 6
∨
i(A). If v ∈ X% is an upper bound of i(A), then it is an upper
bound of i(B), i.e. i(A)u ⊆ i(B)u. It follows Au = [i(A)u]i ⊆ [i(B)u]i = Bu.
Let, on the other hand, y ∈ X% and let A,B ⊆ X+ be finite sets with y =
∨
i(A)−∨
i(B) and Au ⊆ Bu. We show i(A)u ⊆ i(B)u. Let v ∈ i(A)u. Due to X being order
dense in X%, for the set V := {i(x) | x ∈ X, v 6 i(x)} ⊆ i(X) we have v = inf V in
X%. For every x ∈ X with i(x) ∈ V from i(A) 6 v 6 i(x) we obtain A 6 x, i.e.
x ∈ Au ⊆ Bu. It follows i(x) ∈ i(B)u, i.e. i(B) 6 i(x). As this is true for every
x ∈ X with i(x) ∈ V , it follows i(B) 6 inf V = v. That is, v ∈ i(B)u. We obtain
i(A)u ⊆ i(B)u, from which we conclude ∨ i(B) 6 ∨ i(A) and thus y > 0.
(ii): Let y ∈ X% with y > 0 and let A,B ⊆ X+ be finite sets such that y =∨
i(A) − ∨ i(B). Then y > 0, thus (i) implies Au = Bu. We show Au 6= Bu by
contradiction. Assume, on the contrary, that Au = Bu. Due to y > 0 we have
t :=
∨
i(B) <
∨
i(A) =: s. Since X is order dense in X% it follows
t = inf {i(x) | x ∈ X, t 6 i(x)} = inf {i(x) | x ∈ X, A 6 x} = inf i(Au) =
= inf i(Bu) = inf {i(x) | x ∈ X, s 6 i(x)} = s,
a contradiction. We conclude that Au ( Bu.
Let, on the other hand, y ∈ X% and let A,B ⊆ X+ be finite sets with y =
∨
i(A)−∨
i(B) and Au ( Bu. Then Au ⊆ Bu and (i) imply y > 0. We show y > 0 by
contradiction. Let, on the contrary, y = 0. Then t :=
∨
i(B) =
∨
i(A) =: s. For
a fixed x ∈ X the statement A 6 x is equivalent to ∨ i(A) 6 i(x), and similarly,
B 6 x is equivalent to
∨
i(B) 6 i(x). It follows
Au = {x ∈ X | A 6 x} = {x ∈ X | t 6 i(x)} = {x ∈ X | s 6 i(x)} =
= {x ∈ X | B 6 x} = Bu,
a contradiction to Au ( Bu. We conclude that y > 0. 
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Theorem 5. Let X be a pre-Riesz space. Then X is pervasive if and only if for
every two finite sets A,B ⊆ X+ with Au ( Bu there exists x ∈ X, x > 0, such that
Au ⊆ (x+B)u.
Proof. “⇒”: Let X be pervasive and let (X%, i) be the Riesz completion of X.
Let A,B ⊆ X+ be finite sets with Au ( Bu. Set y :=
∨
i(A) − ∨ i(B). Then
by Lemma 4(ii) it follows y > 0. As X is pervasive, there exists an x ∈ X with
0 < i(x) 6 y. Hence
0 6 y − i(x) =
∨
i(A)−
(∨
i(B) + i(x)
)
=
∨
i(A)−
(∨
i(B + x)
)
.
Clearly, B + x ⊆ X+, therefore by Lemma 4(i) we obtain Au ⊆ (x+B)u.
“⇐”: Let for every two finite sets A,B ⊆ X+ with Au ( Bu there exist x ∈ X+,
x 6= 0, such that Au ⊆ (x + B)u. Let y ∈ X% with y > 0. Then by Lemma 1 there
exist finite sets A,B ⊆ X+ such that y has the representation y =
∨
i(A)−∨ i(B).
As y > 0, by Lemma 4(ii) it follows Au ( Bu. By assumption there exists x ∈ X,
x > 0, such that Au ⊆ (x+B)u. Lemma 4(i) yields 0 6 y−i(x), i.e. X is pervasive.
Next we intend to give a characterization of pervasiveness using pairs of elements
instead of finite subsets.
Proposition 6. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
Then the following are equivalent.
(i) X is pervasive.
(ii) For every b1, b2 ∈ X with i(b1) ∨ i(b2) > 0 there exists x ∈ X such that
0 < i(x) 6 i(b1) ∨ i(b2).
(iii) For every b ∈ X with i(b) ∨ 0 > 0 there exists x ∈ X such that 0 < i(x) 6
i(b) ∨ 0.
Proof. The implications (i)⇒(ii) and (ii)⇒(iii) are clear.
(iii)⇒(i): Let y ∈ Y with y > 0. Since X is order dense in Y , we have y =
sup {z ∈ i(X) | z 6 y}. Thus there exists a lower bound z ∈ i(X) of y for which
we have z 6 0. For b := i−1(z) it follows 0 < i(b) ∨ 0. By assumption there exists
x ∈ X such that 0 < i(x) 6 i(b) ∨ 0. It follows 0 < i(x) 6 i(b) ∨ 0 6 y, i.e. X is
pervasive. 
By reformulating Proposition 6 with the help of upper bounds we obtain the fol-
lowing intrinsic characterization of pervasiveness. This characterization is used in
Example 13 below, where we establish that a pre-Riesz space is pervasive without
prior computation of its vector lattice cover.
Theorem 7. Let X be an Archimedean pre-Riesz space. Then the following are
equivalent.
(i) X is pervasive.
(ii) For every b1, b2 ∈ X with {b1, b2}u ⊆ X+\ {0} there is x ∈ X such that for
every u ∈ {b1, b2}u we have 0 < x 6 u.
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(iii) For every b ∈ X with b 6 0 there is x ∈ X such that for every u ∈ X+ the
inequality b 6 u implies 0 < x 6 u.
Proof. Let (Y, i) be a vector lattice cover of X.
(i)⇒(ii): Let b1, b2 ∈ X be two elements such that 0 < u′ holds for every upper
bound u′ ∈ {b1, b2}u. Since X is order dense in Y , this implies
i(b1) ∨ i(b2) = inf {z ∈ i(X) | i(b1) ∨ i(b2) 6 z} =
= inf {i(u′) | u′ ∈ {b1, b2}u} > 0.
Now, if i(b1) ∨ i(b2) = 0, then the element 0 is an upper bound of b1, b2. This is a
contradiction to the assumption that u′ > 0 for every upper bound u′ ∈ {b1, b2}u.
Therefore we have i(b1) ∨ i(b2) > 0. Since X is pervasive, there exists x ∈ X with
0 < i(x) 6 i(b1)∨ i(b2). This implies 0 < x 6 u for every upper bound u ∈ {b1, b2}u.
(ii)⇒(i): We use the characterization in Proposition 6(ii). Let b1, b2 ∈ X be such
that i(b1) ∨ i(b2) > 0. We have to show that there exists an element x ∈ X with
0 < i(x) 6 i(b1)∨ i(b2). Let u′ ∈ {b1, b2}u. Then b1, b2 6 u′ yields 0 < i(b1)∨ i(b2) 6
i(u′), which implies 0 < u′. By assumption there exists x ∈ X such that for every
u ∈ {b1, b2}u we have 0 < x 6 u. Due to X being order dense in Y we obtain in Y
the inequality
0 < i(x) 6 inf {i(u) | u ∈ X, i(b1) ∨ i(b2) 6 i(u)} = i(b1) ∨ i(b2).
The characterization in Proposition 6(ii) implies that X is pervasive.
(i)⇒(iii): Let b ∈ X with b 6 0. We show
∃x ∈ X ∀u ∈ X+ : b 6 u⇒ 0 < x 6 u.
We have i(b) ∨ 0 > 0. If i(b) ∨ 0 = 0, then b 6 0, a contradiction. We conclude
that i(b) ∨ 0 > 0. Since X is pervasive, we obtain that there exists an x ∈ X with
0 < i(x) 6 i(b) ∨ 0. That is, for every u ∈ X with 0, b 6 u we have 0 < i(x) 6
i(b) ∨ 0 6 i(u). This leads to the inequality 0 < x 6 u.
(iii)⇒(i): We use the characterization in Proposition 6(iii). Let b ∈ X be such that
i(b) ∨ 0 > 0. We have to show that there exists x ∈ X with 0 < i(x) 6 i(b) ∨ 0.
If b < 0, then i(b) ∨ 0 6 0, a contradiction. We conclude b 6 0. By assumption
there exists x ∈ X such that for every u ∈ X+ with b 6 u we have 0 < x 6 u. Due
to X being order dense in Y there exists the infimum in the following inequality:
0 < i(x) 6 inf {i(u) | u ∈ X+ and b 6 u} =
= inf {i(u) | u ∈ X and 0 ∨ i(b) 6 i(u)} = 0 ∨ i(b).
The characterization in Proposition 6(iii) implies that X is pervasive. 
4 Weakly pervasive pre-Riesz spaces
In this section we relate pervasiveness to other properties of pre-Riesz spaces. In
Proposition 6(ii) pervasiveness of a pre-Riesz space X is characterized with the aid of
the supremum of two elements of i(X). The question arises whether the supremum
can be replaced by the infimum, which yields the following definition.
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Definition 8. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X.
Then X is called weakly pervasive (in Y ) if for every b1, b2 ∈ X with i(b1)∧i(b2) >
0 there exists x ∈ X such that 0 < i(x) 6 i(b1) ∧ i(b2).
It is clear that every pervasive pre-Riesz space is weakly pervasive. The converse is
not true, see Example 10 below. We first characterize weakly pervasive pre-Riesz
spaces.
Lemma 9. Let X be a pre-Riesz space and (Y, i) a vector lattice cover of X. Then
the following statements are equivalent.
(i) X is weakly pervasive in Y .
(ii) For every a, b1, b2 ∈ X with i(b1) ∧ i(b2) > i(a) there exists an element x ∈ X
such that a < x 6 b1, b2.
(iii) For every b1, b2 ∈ X with b1, b2 > 0 and b1 6⊥ b2 there exists an element x ∈ X
such that 0 < x 6 b1, b2.
Proof. The equivalence (i) ⇔ (ii) and the implication (i) ⇒ (iii) are immediate. To
show the implication (iii)⇒ (i), let b1, b2 ∈ X with i(b1)∧ i(b2) > 0. Then it follows
b1, b2 > 0 and b1 6⊥ b2. By assumption there exists x ∈ X with 0 < x 6 b1, b2, i.e.
we have 0 6 i(x) 6 i(b1) ∧ i(b2). 
Note that the statement in Lemma 9(iii) does not depend on the vector lattice cover.
Similarly to pervasiveness, X is weakly pervasive in X% if and only if X is weakly
pervasive in any vector lattice cover of X. This justifies that we simply call X
weakly pervasive.
As every pervasive pre-Riesz space is fordable, the next example establishes that a
weakly pervasive pre-Riesz space need not be pervasive.
Example 10. An Archimedean weakly pervasive pre-Riesz space need not be ford-
able.
Consider the vector space
Y =
{
(yi)i∈Z ∈ `∞(Z)
∣∣∣ lim
i→∞
yi exists
}
.
Endowed with the coordinatewise order, Y is an Archimedean vector lattice. In [8,
Example 5.2] it is shown that the Archimedean directed subspace
X :=
{
(xi)i∈Z ∈ `∞(Z)
∣∣∣∣∣
∞∑
k=1
x−k
2k
= lim
i→∞
xi
}
of Y is order dense in Y , that is, X is an Archimedean pre-Riesz space and Y is a
vector lattice cover of X.
We show by contradiction that X is not fordable. Let z ∈ `∞(Z) be such that
z−1 = 1 and zk = 0 for every k 6= −1, i.e. z = (. . . , 0, 0, 0, 1, z0 = 0, 0, 0, . . .) ∈ Y .
Then we have
{z}d = {y = (yk)k∈Z ∈ Y | y−1 = 0} .
8
Assume that X is fordable and let S ⊆ i(X) be such that Sd = {z}d. Let x ∈ Y
be defined by x−1 = 0 and xk = 1 for k 6= −1, that is, x = (. . . , 1, 1, 0, x0 =
1, 1, . . .). Then x ∈ {z}d = Sd. Since for every s ∈ S we have s ⊥ x, it follows
s = (. . . , 0, 0, s−1, s0 = 0, 0, 0, . . .), where s−1 ∈ R. Clearly, limk→∞ sk = 0. Since s
belongs to i(X), we obtain
0 = lim
k→∞
sk =
∞∑
k=1
s−k
2k
=
s−1
2
.
This leads to s−1 = 0 and therefore s = 0. It follows S = {0}. This implies
Sd = Y 6= {z}d, a contradiction. We conclude that the pre-Riesz space X is not
fordable.
It is left to show that X is weakly pervasive. Let b, c ∈ X+ be two non-zero elements
with b 6⊥ c. Due to i(b) ∧ i(c) 6= 0 and b, c > 0 there exists a coordinate j such that
bj, cj > 0. Consider the following two cases.
For the first case, let j > 0. Define the sequence x = (xk)k∈Z by xj := bj ∧ cj > 0
and xk := 0 for k 6= j. Then we have
∑∞
k=1
x−k
2k
= 0 = limk→∞ xk and thus x ∈ X
and 0 < x 6 b, c.
For the second case, let j < 0. Set C := bj ∧ cj > 0. Since all coordinates of b and
c are non-negative, we obtain the following estimates:
∞∑
k=1
b−k
2k
> bj
2−j
> C
2−j
> 0 and
∞∑
k=1
c−k
2k
> cj
2−j
> C
2−j
> 0.
Due to b, c ∈ X this leads to limk→∞ bk > C2−j > 0 and limk→∞ ck > C2−j > 0.
Therefore there exist N ∈ N0 and ε ∈ R>0 such that
for every k > N we have bk, ck > ε. (3)
Let α1, α2 ∈ R be defined by α1 := min {ε, C} and α2 := α12−j . Due to j < 0 we
obtain α2 =
min{ε,C}
2−j 6
ε
2−j < ε. Define a sequence x = (xk)k∈Z as follows:
xk :=

α1 for k = j,
α2 for k > N,
0 otherwise.
Then limk→∞ xk = α2 < ε and
∑∞
k=1
x−k
2k
= α1
2−j = α2, which yields x ∈ X. On the
one hand, from ε, C > 0 it follows α1, α2 > 0 and therefore x > 0. On the other
hand, we have x 6 b, c. Indeed, for k = j we obtain
xj = α1 = min {ε, C} 6 C = bj ∧ cj
and for k > N , using (3) in the last step of the following equation, we have
xk = α2 = min
{
ε
2−j
,
C
2−j
}
6 ε 6 bk, ck.
We conclude that 0 < x 6 b, c, i.e. X is weakly pervasive.
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It remains an open question whether every fordable pre-Riesz space is weakly per-
vasive1. Another important property of pre-Riesz spaces is the RDP, which we next
relate to the weak pervasiveness.
Proposition 11. If a pre-Riesz space X has the RDP, then X is weakly pervasive.
Proof. Let X be a pre-Riesz space with RDP. We use Lemma 9(iii). Let b1, b2 ∈ X
be such that b1, b2 > 0 and b1 6⊥ b2, i.e. i(b1) ∧ i(b2) > 0 in a vector lattice cover
(Y, i) of X. We set a1 := 0. Since X is order dense in Y , for the set
S := {z ∈ i(X) | z 6 i(b1) ∧ i(b2)}
we have i(b1) ∧ i(b2) = supS. The element a1 = 0 is a lower bound of i(b1) ∧ i(b2).
Assume that S 6 0, then supS 6 0 leads to a contradiction. Therefore there exists
a2 ∈ X with a2 6 0 and such that i(a2) ∈ S. For the four elements we have the
relationship a1, a2 6 b1, b2. Since X has the RDP, there exists x ∈ X such that
a1, a2 6 x 6 b1, b2. Since a1 = 0 and a2 6 0, it follows x > 0. We conclude that
there exists x > 0 such that x 6 b1, b2, i.e. X is weakly pervasive. 
Example 12. An Archimedean weakly pervasive pre-Riesz space need not have the
RDP.
In [11, Example 23] the following pre-Riesz space is considered:
X := PA[−1, 1]⊕ {λq | λ ∈ R} = {f + λq | f ∈ PA[−1, 1], λ ∈ R} ,
where q ∈ C[−1, 1], q(t) = t2 for t ∈ [−1, 1], and PA[−1, 1] is the set of all continuous
piecewise affine functions on [−1, 1]. It is established that C[−1, 1] is a vector lattice
cover of X with the identity i as the embedding map, and that X is pervasive. Hence
weakly pervasive. Moreover, X does not have the RDP.
Remark. It is not clear whether weak pervasiveness is equivalent to the following
property:
(P) For every b1, . . . , bn ∈ X with b1, . . . , bn > 0 and i(b1) ∧ . . . ∧ i(bn) 6= 0
there exists an element x ∈ X such that 0 < x 6 b1, . . . , bn.
However, due to [2, Lemma 1.53] it is straightforward that RDP implies (P). On
the other hand, the property (P) does not imply RDP. Indeed, in Example 12 the
space X satisfies (P). Let b1, . . . , bn ∈ X with b1, . . . , bn > 0 be such that 0 <
i(b1) ∧ . . . ∧ i(bn) ∈ C[−1, 1]. Then there is a piecewise affine function y ∈ C[−1, 1]
such that 0 < y 6 i(b1) ∧ . . . ∧ i(bn). Since y is piecewise affine, we have for
x := i(y)−1 ∈ X that 0 < x 6 b1, . . . , bn. That is, X satisfies (P).
Note that a pervasive pre-Riesz space which does not have the RDP is given in [11,
Example 23]. The next example shows that RDP does not imply pervasiveness, in
general.
1In [9, Example 4.1.19] the authors considers a pre-Riesz space X which is fordable, but not
pervasive. One can show that X is weakly pervasive.
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Example 13. An Archimedean pre-Riesz space with RDP need not be pervasive.
Consider the vector space of all (continuous) rational functions on [0, 1], i.e.
X :=
{
x ∈ C[0, 1]
∣∣∣ x = pq , ∀t ∈ [0, 1] : q(t) 6= 0, and p, q polynomial} ,
endowed with the pointwise order. Then X is a subspace of the Archimedean vector
lattice C[0, 1] and hence is Archimedean as well. Clearly, X is directed and therefore
pre-Riesz. Riesz established that X has the RDP, see [2, Example 1.56].
To show that X is not pervasive, we use the characterization of Theorem 7(iii), which
avoids the computation of a vector lattice cover of X. Let b(t) := −16(t − 1
4
)2 + 1
for t ∈ [0, 1]. Then the polynomial b belongs to X. We have to show that there does
not exist x ∈ X such that 0 < x 6 u holds for every u ∈ X with 0, b 6 u.
First consider for every s ∈ ]1
2
, 1] the positive parabola
us(t) :=
1
(1
2
− s)2 (t− s)
2.
Notice that the maximal value of the parabola b is the real number b(1
4
) = 1, and for
t ∈ [1
2
, 1] we have b(t) 6 0. Moreover, for each us with s ∈ ]12 , 1] we obtain us(12) = 1
and us(s) = 0. It follows for the positive function us that b 6 us for every s ∈ ]12 , 1].
Assume now that there exists x ∈ X such that 0 < x 6 u holds for every positive u
with b 6 u. In particular, we have 0 6 x(s) 6 us(s) = 0 for each s ∈ ]12 , 1]. That is,
x(]1
2
, 1]) = 0. However, the element x has a representation x = p
q
with polynomials
p and q. Therefore the numerator p must be zero on the whole of the interval ]1
2
, 1].
Due to p being polynomial it follows p = 0, which implies x = 0, a contradiction to
x > 0. Theorem 7 yields that X is not pervasive.
There are Archimedean pre-Riesz spaces, which are not vector lattices, but are
weakly pervasive. A simple example is the space C1[0, 1] of differentiable functions
on the interval [0, 1]. On the other hand, not every Archimedean pre-Riesz space is
weakly pervasive, as we see in the following example. We use an example from [12],
where the focus is to construct an order bounded, non-regular linear functional on
an Archimedean directed ordered vector space. The underlying space is a pre-Riesz
space, but there is no obvious candidate for a vector lattice cover. So far, it was an
open question whether this pre-Riesz space is pervasive. Using the characterization
in Lemma 9, we establish that the space is not even weakly pervasive.
Example 14. An Archimedean pre-Riesz space need not be weakly pervasive.
As in [12], for A ⊆ [0,∞[ let 1A denote the corresponding indicator function, for
n, k ∈ N define
en : [0,∞[→ R, t 7→ 1[n−1,n[(t),
un,k : [0,∞[→ R, t 7→ nt1[0, 1n ](t) +
1
k
1{
n+
1
k
}(t),
and consider the subspace X := span {en, un,k | n, k ∈ N} of R[0,∞[ with point-wise
order. As is established in [12], X is directed. Moreover, since X is a subspace of
the Archimedean vector lattice R[0,∞[, X is Archimedean and therefore a pre-Riesz
space.
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We show that X is not weakly pervasive. To that end we use the characterization
in Lemma 9(iii). For b1 := 2u1,2 and b2 := e2 we have b1, b2 > 0. We show b1 6⊥ b2 by
establishing that {b1 − b2,−b1 + b2}u 6= {b1 + b2,−b1 − b2}u. Consider the element
v := 2u1,3 +e2. We show that v ∈ {b1 − b2,−b1 + b2}u. Indeed, for t ∈ [0, 1] we have
v(t) = 2u1,3(t) = 2t > ±2t = ±(b1 − b2)(t). For t ∈ [1, 2]\
{
3
2
, 4
3
}
we obtain v(t) =
e2(t) = 1 > ±1 = ±(b1 − b2)(t). Moreover, we get v(43) = 53 > ±1 = ±(b1 − b2)(43)
and v(3
2
) = 1 > ∓1
2
= ±(b1 − b2)(32). We conclude v ∈ {b1 − b2,−b1 + b2}u. On
the other hand, v /∈ {b1 + b2,−b1 − b2}u, as v(32) = 1 < 2 = (b1 + b2)(32). This
establishes b1 6⊥ b2.
Assume there is x ∈ X with 0 < x 6 b1, b2. Then for t ∈ [0,∞[\
{
3
2
}
we have
x(t) = 0 and 0 < x(3
2
) 6 1. It follows that x is a non-zero multiple of u1,2, which is
a contradiction. That is, X is not weakly pervasive.
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